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0 Introduction
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$r_{p}$ , $p$ $L$ , .
Coleman $P$ , .
$k_{1},$
$\ldots,$
$k_{d-1}\geq 1,$ $k_{d}\geq 2$
$\zeta(k_{1}, \ldots, k_{d})$
$:= \sum_{n_{1}<\ldots<n_{d}}\frac{1}{n_{1}^{k_{1}}\cdots n_{d^{d}}^{k}}(=\lim_{c\ni zarrow 1}Li_{k_{1},\ldots,k_{d}}(z))\in \mathbb{R}$






$k_{d}\geq 1$ 1 $N$ $\zeta_{1},$ $\ldots,$ $\zeta_{d}$
$L$ .
$L(k_{1}, \ldots, k_{d};\zeta_{1}, \ldots, \zeta_{d})$ $:= \sum_{n\iota<\cdots<\mathfrak{n}_{d}}\frac{\zeta_{1}^{-n_{1}}\zeta_{2}^{\mathfrak{n}_{1}-n_{2}}..\cdot.\cdot.\zeta_{d}^{n_{d-1}-n_{d}}}{n_{1}^{k_{1}}n_{d^{d}}^{k}}(=\lim_{c\ni zarrow 1}Li_{k_{1},\ldots,k_{d};\zeta_{1},\ldots,\zeta_{d}}(z))\in \mathbb{C}$ .
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$P$ . $Li_{k_{1},\ldots,k_{d}}(z)$
$\frac{dLi_{k_{1},\ldots,k_{d}}(z)}{dz}=\{\begin{array}{ll}\frac{1}{z}Li_{k_{1},\ldots,k_{d}-1}(z) if k_{d}>1,\frac{1}{\frac{1-z1}{1-z}}Li_{k_{1},\ldots,k_{d-1}}(z) if k_{d}=1, and d>1,\end{array}$
if $k_{d}=1,$ $\bm{t}dd=1$
. Coleman $P$ $P$
$P$ $Li_{k_{1},\ldots,k_{d}}^{a}(z)$ ( $a$ ,
) , $P$
$\zeta_{p}(k_{1}, \ldots, k_{d})$
$:= \lim_{c_{p}\ni zarrow 1}\prime Li_{k_{1},\ldots,k_{d}}(z)\in \mathbb{Q}_{p}$
(cf. [Ful][Fu2]). ( $\mathbb{C}_{p}$ $\mathbb{Q}_{p}$
$P$ . $\lim’$ ) $P$
$Li_{k_{1},\ldots,k_{d};\zeta_{1},\ldots,\zeta_{d}}^{a}(z)$ $p$ $L$
$L_{p}(k_{1}, \ldots, k_{d};\zeta_{1}, \ldots, \zeta_{d}):=\lim_{c_{p}\ni zarrow 1}\prime Li_{k_{1},\ldots,k_{d};\zeta_{1\prime}\ldots,\zeta_{d}}^{a}(z)\in \mathbb{Q}_{p}(\mu_{N})$
$(p \dagger N)$ . .
1 Coleman $P$ . 2 ( )p
$P$ ( $L$ ) . 3 $P$ KZ $P$ Drinfel’d associator
. 4 $P$
. 5 $P$ ,
. 6 $P$ ( $L$ ) .
, .
1 Coleman $P$
Colemt Bloch $z$ $p$
( )p $P$
(cf. [C]). Coleman $p$ .
.
$P$ 2 .
A . , .
$B$ , .
Coleman Tate rigid ( ) $P$ . Tate
rigid . affinoid $U$ , $A(U)$ $:=\Gamma$ ( $U$, Ou)
\langle . Tate rigid A , $B$ ( ,
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$t=0$ , $dt/t$ ) , $A(U)$
, .
$X$ $O_{\mathbb{C}_{p}}$ , $D\subset X$ $O_{\mathbb{C}_{p}}$ etale , $Y$ $:=X\backslash D$ ,
$i$ : $Y_{\overline{F_{p}}}arrow X_{\overline{F_{p}}}$ . ( $O_{\mathbb{C}_{p}}$ $\mathbb{C}_{p}$ ) $X_{\overline{p_{p}}}\backslash Y_{\overline{F_{p}}}=\{e_{1}, \ldots, e_{s}\}$ .
$0\leq r<1$ , $U_{r}$ $:=X( \mathbb{C}_{p})^{an}\backslash \bigcup_{i=1}^{s}D^{+}(e_{i}\sim, r)$ . , $\sim e_{i}\in X(\mathbb{C}_{p})$ $e_{i}$
, $D^{+}(e_{i}\sim, r)$ \tilde ei $r$ . ( $rarrow 1$
. ) $S\subset X(\overline{F_{p}})$ , $=-$ ‘
]S[: $=sp^{-1}(S)\subset X(\mathbb{C}_{p})$ . $sp$ $X(\mathbb{C}_{p})=X(O_{\mathbb{C}_{p}})$ r\’euction\rightarrow
$X(\overline{F_{p}})$ . $a\in \mathbb{C}_{p}$ , $\log^{a}$ : $\mathbb{C}_{p}^{x}arrow \mathbb{C}_{p}$ $\log^{a}p=a$ $p$ .
($\log x+\log y=\log xy$ $p$ logp . )
$a$ log . Coleman log .
[ , $\mathbb{C}$ log (Z) $\mathbb{C}_{p}$ $(\mathbb{C}_{p})$
. , $\mathbb{C}_{p}$ log
,
$\mathbb{C}_{p}$ ,
. $\mathbb{C}$ $0$ $\mathbb{C}^{x}$ , $\mathbb{C}_{p}$
$\mathbb{C}_{p}^{x}$ $\mathbb{C}_{p}$ . log
, $\mathbb{P}^{1}$ $0$ 1 Besser obenius
( ) log $\mathbb{P}^{1}\backslash \{0,1\}$ $0$ 1 Besser
Frobenius log . ,
3-cycle $0$
$P$ “ $\pi$ $0$ ” . $\mathbb{C}_{p}$ Fontaine $P$
$B_{dR}$
( $\mathbb{Z}$ ). $p$
( $\mathbb{P}^{1}$ ) . (Coleman
. )]
,
$A_{\log}^{a}(U_{x}):=\{\begin{array}{ll}A(]x[) if x\in Y(\overline{F_{p}}),\lim_{rarrow 1}A(]x[\cap U_{r})[\log^{a}z_{x}] if x\in\{e_{1}, \ldots, e_{s}\},\end{array}$
$\Omega_{\log}^{a}(U_{x}):=A_{\log}^{a}(U_{\varpi})dz_{x}$
( $z_{x}$ $x$ $z_{x}:]x[\cap Y(\mathbb{C}_{p})arrow^{\simeq}D^{-}(0,1)$) ,
$A_{1\propto}^{a}:=$ $\prod$ Alaog( ), $\Omega_{1oc}^{a}$ $:=$ $\prod$ $\Omega_{\log}^{a}(U_{x})$
$x\in X\sigma_{p}7$ $x\in x\sigma_{p}$)
. z . $d:A_{1oc}^{a}arrow\Omega_{1oc}^{a}$
. $A^{\uparrow_{:=\Gamma(]Y_{F_{p}^{-}}[,j}\dagger q_{Y\dashv})}l_{p}$ , $A_{1oc}^{a}$ $\Omega_{1oc}^{a}$
$A\dagger$ , $A\dagger$ . $d:A_{1oc}^{a}arrow\Omega_{1oc}^{a}$ ,
, $\prod_{x\in X(\Gamma_{p})}\mathbb{C}_{p}$ , . ,
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$A_{C}^{a}$ $1\subset A_{1oc}^{a}$ $\Omega_{Co1}^{a}\subset\Omega_{1oc}^{a}$ . , $\int$
.
1. $d \int\omega=\omega$ ,
2. (Frobenius ) $\int\phi^{*}\omega=\phi^{*}\int\omega$ ( $\phi^{*}$ Frobenius ),
3. $\int dg=g+const$ . for $g\in A\dagger$ .
, $P(t)$ $\mathbb{C}_{p}$ $P(\phi^{*})w$
, $P( \phi^{*})\int\omega$ . $P(t)$ 1
, $\int\omega$ . $d(A\dagger)$ Frobenius
.
$\prod_{x\in X(T_{p})}\mathbb{C}_{p}$ , $\mathbb{C}_{p}$
. $\int$ ,
Coleman $A_{Co1}^{a}$ Colemanl $\Omega_{C}^{a}$ 1
.
$A_{Co1}^{a}$ $:= \bigcup_{n\geq 1}A_{Co1}^{a}(n),$ $\Omega_{Co1}^{a}$ $:= \bigcup_{n\geq 0}\Omega_{Co1}^{a}(n)$ ,
$A_{Co1}^{a}(n)$ $:=A^{\uparrow} \int(\Omega_{Co1}^{a}(n-1))$ ,
$\Omega_{Co1}^{a}(n):=\{\begin{array}{ll}A_{Co1}^{a}(n)\Omega^{\uparrow} if n\geq 1,d(A^{t}) ifn=0.\end{array}$
, $\Omega^{\uparrow}:=\Gamma(]Y_{\Gamma_{p}}[,j\dagger\Omega_{1^{Y}r_{p}1})$ . , .
$0arrow \mathbb{C}_{p}arrow A_{Co1}^{a}arrow\Omega_{Co1}^{a}arrow 0$ .
, Coleman $w\in\Omega_{Co1}^{a}$ ,
. , A $B$ $p$ .
2 ( )p , $P$ ( $L$ )
$a\in \mathbb{C}_{p}$ . $U:=\mathbb{P}^{1}(\mathbb{C}_{p})\backslash \{0,1, \infty\infty\}$ ( )
$U_{N}$ $:=\mathbb{P}^{1}(\mathbb{C}_{p})\backslash \{0, \infty\}\cup\mu_{N}(p \dagger N)$ ( $L$ ) Coleman
( )p , $P$ ($L$ ) . $L$
$P$ $N$ $\mathbb{Q}_{p}(\mu_{N})arrow \mathbb{C}_{p}$ .
2.1 ( $/hlJ$) $k_{1},$ $\ldots$ , $k_{d}\geq 1$ $P$ $Li_{k_{1},\ldots,k_{d}}^{a}(z)\in$
$A_{Co1}^{a}=A_{Co1}^{a}(U)$ .
$Li_{k_{1},\ldots,k_{d}}^{a}(z):=\{\begin{array}{ll}\int_{0}^{z}\frac{1}{z}Li_{k_{1\prime}\ldots,k_{d}-1}^{a}(z)dz if k_{d}>1,\int_{0}^{l}\frac{1}{1-z}Li_{k_{1},\ldots,k_{d-1}}^{a}(z)dz if k_{d}=1, and d>1,\int_{0}^{l}\frac{1}{1-z}dz :=-\log^{a}(1-z) if k_{d}=1, and d=1.\end{array}$
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22 $k_{1},$ $\ldots$ , $k_{d}\geq 1$ 1 $N$ $\zeta_{1},$ $\ldots,$ $\zeta_{d}$ $p$
$Li_{k_{1,)}k_{d};\zeta_{1},\ldots,\zeta_{d}}^{a}(z)\in A_{Co1}^{a}=A_{Co1}^{a}(u_{N})$ \ddagger $([YJ)$ .
$Li_{k_{1},\ldots,k_{d};\zeta_{1},\ldots,\zeta_{d}}^{a}(z):=\{\begin{array}{ll}\int_{0}^{z}\frac{1}{z}Li_{k_{1},\ldots,k_{d}-1;\zeta_{1},\ldots,\zeta_{d}}^{a}(z)dz if k_{d}>1,\int_{0}^{z}\frac{1}{\zeta_{d}-z}Li_{k_{1},\ldots,k_{d-1};\zeta_{1},\ldots,\zeta_{d-1}}^{a}(z)dz if k_{d}=1, and d>1,\int_{0}^{z}\frac{1}{\zeta_{1}-z}dz :=-\log^{a}(\zeta_{1}-z) if k_{d}=1, and d=1.\end{array}$
$d$ , $k_{1}+\cdots+k_{d}$ . $Li_{k_{1},\ldots,k_{d};\zeta_{1},\ldots,\zeta_{d}}^{a}(z)$ $Li_{k_{1},\ldots,k_{d};\zeta_{1},\ldots,\zeta_{d}}^{a}(z)|_{10[}\in$
$A(]0[),$ $Li_{k_{1},\ldots,k_{d};\zeta_{1},\ldots,\zeta_{d}}^{a}(z)|$ ] $\zeta[\in A(]\zeta[)[\log^{a}(z-\zeta)](\zeta\in\mu_{N}), Li_{k_{1},\ldots,k_{d};\zeta_{1\cdots\prime}\zeta_{d}}^{a}(z)|]\infty[\in$
$A(]\infty[)[\log^{a}(1/t)]$ .
2.1 ( $/R\iota lJ$) $\lim_{C_{p}\ni zarrow 1}’Li_{k_{1},\ldots,k_{\delta}}^{a}(z)$ $a$ .
, a . , $a$ $\{z_{i}\}_{i=1}^{\infty}$
$\mathbb{Q}_{p}(z_{1}, z_{2}, \ldots)/\mathbb{Q}_{p}$ $\lim_{iarrow\infty}f(z_{l})$
$\{z_{i}\}_{i=1}^{\infty}$ , $\lim_{zarrow a}’f(z)$ .
$\lim_{\mathbb{C}_{p}\ni zarrow 1}Li_{k_{1},\ldots,k_{d}}^{a}(z)$ (M).
2.3 ( 1J) $\lim_{\mathbb{C}_{p}\ni zarrow 1}’Li_{k_{1},\ldots,k_{d}}^{a}(z)$ , $\zeta_{p}(k_{1}, \ldots, k_{d})$ $P$
.
, $hm_{C_{p}\ni zarrow 1}’Li_{k_{1},\ldots,k_{d};\zeta_{1},\ldots,\zeta_{d}}^{a}(z)$ , $L_{p}(k_{1}, \ldots, k_{d})$ $P$ 1 $L$
(M).
2.2 ( $[R_{A}1]$) $k_{d}>1$ , $\lim_{C_{p}\ni zarrow 1}’Li_{k_{1},\ldots,k_{d}}^{a}(z)$ .
$k_{d}=1$ . , $P$
( ) . , $P$
$(/R\iota 1J)$ .




$L_{p}$ -Leopoldt $p$ $L$ , $\omega$ Teichmu\"uller . , $n>1$
, $\zeta_{p}(2n)=0$ . -L\omega pOldt $p$ $L$ $p$
, $p$ $p$ $L$ ,
$\zeta_{p}(2n)=0$ . 2-,3-cycle $\zeta_{p}(2n)=0$
. 3-cycle $0$
. $\pi^{2}$ $0$ ” .
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. , $n\geq 1$ $\zeta_{p}(2n+l)\neq 0\Leftrightarrow L_{p}(2n+l, \omega^{-2n})\neq$
$0\Leftrightarrow H^{2}(\mathbb{Z}[1/p], \mathbb{Q}_{p}/\mathbb{Z}_{p}(-n))=0$ \epsilon Leopoldt ). $P$ $n$
$p-1$ , .
2.4 ( 1J) $\zeta_{p}(k_{1}, \ldots, k_{d})\in \mathbb{Q}_{p}$ .
$L_{p}(k_{1}, \ldots, k_{d};\zeta_{1}, \ldots, \zeta_{d})\in \mathbb{Q}_{p}(\mu_{N})$ ([Y]).
2.5 ( ) $\zeta_{p}(k_{1}, \ldots, k_{d})\in \mathbb{Z}_{p}$ ?
$\zeta_{p}(2n),$ $\zeta_{p}(2n, \ldots, 2n),$ $\zeta_{p}(3,1, \ldots, 3,1)$ $0$
. $L_{p}(k_{1}, \ldots, k_{d};\zeta_{1}, \ldots, \zeta_{d})\in \mathbb{Z}_{p}[\mu_{N}]$ ?
.
, $w>0$ $Z_{w}^{p}[N]\subset \mathbb{Q}_{p}$ .
$Z_{w}^{p}[N]$ $:=\{L_{p}(k_{1}, ..., k_{d};\zeta_{1}, \ldots,\zeta_{d})|d\geq 1.’.k.\cdot\geq 1,\zeta_{i}\in\mu_{N}fore=1,..,$$dk_{1}+\cdot+k_{d}=w,(k_{d},\zeta_{d})\neq(1, i)$ $\}_{Q}$
( $L_{p}$ ( $k_{1},$ $\ldots$ , $k_{d};\zeta_{1},$ $\ldots,$ $\zeta_{d}$ ) $\mathbb{Q}$ ) , $Z_{0}^{p}[N]:=\mathbb{Q}$
. $Z^{p}[N]:=$ \oplus wZwp[N]( ) . $Z_{w}^{p}:=Z_{w}^{p}[1],$ $Z^{p}:=Z^{p}[1]$ . $Z_{w}^{p}$
(resp. $Z_{w}^{p}[N]$ ) $w$ $P$ (resp. $P$ $L$ ) .
6 .
3 $P$ KZ , $P$ Drinfel’d associator
Drinfel’d associator [Dr] ( )
(associativity constraint) , Drinfel’d
KZ
Drinfel’d (commutativity
constraint) , $(+\alpha)$ $\mathbb{Q}$ Galois
Grothendieck-Teichmitller . ( ,
$(+\alpha)$ associator ,
2-,3-,5-cycle )
$P$ KZ , $P$ Drinfel’d associator .
.
$A,$ $B$ $\mathbb{C}_{p}$ $\mathbb{C}_{p}\langle(A, B\rangle\rangle$ .




$z\in U$ . $\mathbb{C}_{p}\langle\langle A, B\rangle\rangle$ $P$ , $A,$ $B$
$p$ .
$L$ $\mathbb{C}_{p}\langle\langle A, \{B_{\zeta}\}_{\zeta}\rangle\rangle$ $G(z)(z\in U_{N})$
$\frac{dG}{dz}(z)=(\frac{A}{z}+\sum_{\zeta\in\mu N}\frac{B_{\zeta}}{z-\zeta}I^{G(z)}$ ,
(M).
3.1 ( $[hlJ$) $p$ $KZ$ $G_{0}^{a}(z)(resp. G_{1}^{a}(z))\in A_{Co1}^{a}\langle\langle A, B\rangle\rangle$
$G_{0}^{a}(z) \approx z^{A}:=\sum_{n=0}^{\infty}\frac{1}{n!}(\log^{a}zA)^{n}(zarrow 0)$ ,
(resp. $G_{1}^{a}(z)\approx(1-z)^{B}(zarrow 1)$ ),
1 . $G_{0}^{a}(z)\approx z^{A}(zarrow 0)$ $G_{0}^{a}(z)z^{-A}|$ ] $0$ [
$A(]0[)\langle\langle A, B)\rangle A+A(]0[)\langle\langle A, B\rangle\rangle B$ z=0 1 . $(G_{1}^{a}(z)\approx$
$(1-z)^{B}(zarrow 1)$ ) ( $z^{A}$ log . )
$P$ $L$ ([Y]).
3.2 ff $1J$) $\Phi_{KZ}^{p}(A, B):=G_{1}^{a}(z)^{-1}G_{0}^{a}(z)$ $z,$ $a$ , $\mathbb{C}_{p}(\langle A, B\rangle\rangle^{x}$
.
$P$ $L$ (M).
3.2 ( $[h1J$) $\Phi_{KZ}^{p}(A, B)\in \mathbb{C}_{p}\langle(A, B\rangle\rangle^{x}$ $P$ Drinfel’d associator .
$P$ $L$ $P$ Drinfel’d associator $\Phi_{KZ}^{p}(A, \{B_{\zeta}\}_{\zeta})$ ([Y]).
3.3 ( , $[hlJ$) $\Phi_{KZ}^{p}(A, B)=1+\sum_{W}I_{p}(W)W$ . $W$
$A,$ $B$ . $W=B^{f}VA^{\epsilon},$ $V\in A\mathbb{C}_{p}\langle\langle A, B\rangle\rangle B$ ,
$I_{p}(W)=(-1)^{depth(W)} \sum_{0\leq a\leq r,0\leq b\leq\epsilon}(-1)^{a+b}Z_{p}(f(B^{a}oB^{r-a}BA^{\ell-b}oA^{b}))$
. $f$ $\mathbb{C}_{p}\langle\langle A, B\rangle\ranglearrow \mathbb{C}_{p}\langle\langle A, B\rangle\rangle/(B\mathbb{C}_{p}\langle(A, B\rangle\rangle+\mathbb{C}_{p}\langle\langle A, B\rangle\rangle A)arrow^{\underline\simeq}$
$\mathbb{C}_{p}\cdot 1+A\mathbb{C}_{p}(\langle A, B\rangle\rangle Barrow \mathbb{C}_{p}\langle\langle A, B\rangle)$ , $\circ$ , $Z_{p}(W)$
$Z_{p}(A^{k_{d}-l}B\cdots A^{k_{1}-1}B)=\zeta_{p}(k_{1}, \ldots, k_{d})$ $\mathbb{C}_{p}\cdot 1+A\mathbb{C}_{p}\langle\langle A, B\rangle\rangle B$
. , $W\in A\mathbb{C}_{p}\langle\langle A, B\rangle\rangle B$ , $I_{p}(W)=(-1)^{depth(W)}Z_{p}(W)$ .
$P$ $L$ $([\eta)$ .
$k_{d}=1$ $(-1)^{depth(W)}\sim(A^{k_{d}-1}B\cdots A^{k_{1}-1}B)$ ,
$P$ . , $P$
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$p$ ([Ful]). , $\lim_{\mathbb{C}_{p}\ni zarrow 1}’Li_{k_{1},\ldots,k_{d}}^{a}(z)$
$k_{d}=1$ ,
$p$ ([Ful]). , $Z_{w}^{p}$
$Z_{w}^{p}$ $:= \langle\zeta_{p}(k_{1}, \ldots, k_{d})|d\geq 1, k_{1}, \ldots, k_{d}\geq 1, \lim_{\mathbb{C}_{p}\ni zarrow 1}\prime Li_{k_{1},\ldots,k_{d}}^{a}(z)$
$\rangle_{\mathbb{Q}}$ ,
$Z_{w}^{p}$ . $P$ $L$ $([Y])$ .
$\mathbb{C}_{p}$
$\Delta$ : $\mathbb{C}_{p}\langle\langle A, B\rangle\ranglearrow \mathbb{C}_{p}\langle(A, B\rangle\rangle\wedge\otimes \mathbb{C}_{p}\langle\langle A, B\rangle\rangle$ $\Delta(A)=A\otimes 1+1\otimes A$,
$\Delta(B)=B\otimes 1+1\otimes B$ .
3.4 $\Delta(\Phi_{KZ}^{p})=\Phi_{\kappa z\otimes\Phi_{KZ}^{p}}^{p^{\wedge}}$ .
3.5 ) $W,$ $W\in\sim A\mathbb{C}_{p}\langle\langle A, B\rangle\rangle B$
$Z_{p}(W)\cdot Z_{p}(W’)=Z_{p}(W\circ W’)$
. , $Z^{p}$ , , $Z_{w}^{p}$ . $Z_{w}^{p},$ $\subset Z_{w+w}^{p}$, .
$p$ $L$ $\Delta(\Phi_{KZ}^{p})=\Phi_{KZ}^{p}\bigotimes_{\vee}^{\wedge}\Phi_{KZ}^{p},$ $L_{p}(W)\cdot L_{p}(W’)=L_{p}(W\circ W’)$ ,
$Z_{w}^{p}[N]\cdot Z_{w}^{p},[N]\subset Z_{w+w’}^{p}[N]$ $([\eta)$ .
$G_{0}^{a}(z)$ $zrightarrow 1-z$ ,
(cf. [Ful]).
4 $p$ ( $L$ )
$\zeta(1,2)=\zeta(3)$ ,
.
, ( ) Hopf
(quasi-triangular quasi-Hopf quantized universal envelopping algebra) ,
, , $n$ , Tate
.
$P$ .
4.1 ( , Besser- , $/BFJ$) $W,$ $W’\in A\mathbb{C}_{p}((A,$ $B\rangle\rangle$ $B$











4.2 ( ) $\Phi_{KZ}^{p}(A, B)$ 2-,3-,5-cycle . (
)
2-cycle $U$ $zrightarrow 1-z$ , 3-cycle $U$ $z \mapsto\frac{1}{1-z}-\rangle$
$1- \frac{1}{z}\mapsto z$ 2 $0,1_{f}\infty$ $1,\infty,0$ $\infty,0,1$ )
. $U$ 4 $0$ $=$. , 5 $0$
$=$. 10 5 12 . 5
5-cycle .
$p$ $L$ , $U_{N}(N>1)F$ $zrightarrow 1-z$ $z\mapsto$
$\frac{1}{1-z}rightarrow 1-\frac{1}{z}\mapsto z$ 2-,3-cycle
. $U_{N}$ $z rightarrow\frac{1}{z}$ $([YJ)$ .
$1rightarrow\zeta_{N}rightarrow\zeta_{N}^{2}\mapsto\rangle\cdots\mapsto\zeta_{N}^{N-1}\mapsto 1$ .






$\ell$ Galois $(\underline{G*(\ell)}^{\Phi_{0}^{(\ell)}}(\mathbb{Q})-\underline{GT_{1}}(\mathbb{Q}))$ Hodge $(Honl\propto alg.(Z./\pi^{2},\mathbb{Q})^{\Phi}-\kappa zGRT_{1}(\mathbb{Q}))$




$((V_{1} \otimes V_{2}.)\bigotimes_{\underline{\approx}\Phi_{1\Phi 2,S4}}V_{3})\otimes\nu_{4}^{p_{\frac{1,2,3\emptyset i}{\underline{\simeq}}}d}(V_{1}\otimes(V_{2}\otimes V_{3}))\otimes V_{4}\frac{\Phi_{1,2\Phi 3,4}}{|\iota\otimes\Phi_{2}\underline{\simeq\underline{\simeq}}}V_{1}\otimes((V_{2}\otimes V_{8})\otimes V_{4})\downarrow$’
$(V_{1}\otimes V_{2})\otimes(V_{3}\otimes V_{4})_{\Phi_{1,2,S\otimes 4}}^{\simeq}arrow V_{1}\otimes(V_{2}\otimes(V_{3}\otimes V_{4}))$ ,
$(V_{1} \otimes V_{2})\otimes V_{3^{arrow}}^{R_{1,2}\bigotimes_{=}id_{3}}(V_{2}\otimes V_{1})\otimes V_{3}\frac{\Phi_{2,1,3}}{\simeq}V_{2}\otimes(V_{1}\otimes V_{3})$
$\Phi_{1,2},s\downarrow\simeq$
$id_{2}\otimes R_{1}.s\downarrow\simeq$
$V_{1} \otimes(V_{2}\otimes V_{3})\frac{\simeq}{R_{1,2\Phi 3}}(V_{2}\otimes V_{3})\otimes V_{1}\frac{\simeq}{\Phi_{2,3,1}}V_{2}\otimes(V_{3}\otimes V_{1})$,
$(V_{1}\otimes V_{2})\otimes V_{3^{\frac{1\Phi 2}{\underline{\simeq}}V_{3}\otimes(V_{1}\otimes V_{2})}}^{R\underline,s}arrow\simeq(V_{3}\otimes V_{1})\otimes V_{2}\Phi_{1_{1}2,3}^{-1}$
$\Phi_{1.2,S\downarrow\simeq}^{-1}$
$\simeq\downarrow \text{ _{}1}\otimes id_{2}$
$V_{1} \otimes(V_{2}\otimes V_{3})_{1}\frac{\simeq}{\iota\Phi R_{2}},V_{1}\otimes(V_{3}\otimes V_{2})arrow(V_{1}\otimes V_{3})\otimes V_{2}\Phi_{1,S,2}^{-1}\simeq$
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$R$ $R$ . .,
Yang-Baxter .
. .
, $p$ , .
4.3 ( ) $P$ 2-,3-,5-cycle
.
4.4 ( , ) $P$ $P$
. , $Z^{p}$ $:=\oplus_{w}Z_{w}^{p}$ $\mathbb{Q}_{p}$
.





, Bloi-Zagier $\mathbb{C}$ . (resp. )k $\geq$
$1$
$P_{k}(z)$ $:={\rm Re}( resp. {\rm Im})(\sum_{a=0}^{k-1}\frac{B_{a}}{a!}(\log|z|^{2})^{a}Li_{k-a}(z))$
. $B_{a}$ Bernouili , $\frac{t}{e^{t}-1}=\sum_{n=0}^{\infty}B_{n^{\frac{t^{n}}{n1}}}$ . , $P_{1}(z)=$
$-\log|1-z|,$ $P_{2}(z)={\rm Im}(Li_{2}(z))+\log|z|\arg(1-z)$ .
. $U(\mathbb{C})$ . ( , $P_{2}(z)1hz$ 1
1 , ${\rm Im}(Li_{2}(z)+2\pi i\log z)+\log|z|(\arg(1-z)-2\pi)={\rm Im}(Li_{2}(z))+$
log $|z|\arg(1-z)$ ) Bloch





$U:=\mathbb{P}_{Q}^{1}-\{0,1, \infty\}$ . .
$\mathbb{C}$ . $z\in \mathbb{U}(\mathbb{C})$ . $\mathbb{U}(\mathbb{C})$
, $z$ $\mathbb{Q}$
$\pi_{1}^{B}(U(\mathbb{C});01z)arrow$, $U(\mathbb{C})$ Betti . , $U$
$\mathcal{O}_{U}$ , $z$
$\mathbb{Q}$ $\pi_{1}^{dR}(u/\mathbb{Q};01z)arrow$, $U$ de Rham
. $\pi_{1(\mathbb{U}(\mathbb{C}),0\urcorner\tau_{0}\tauarrow}^{B}$) $:=\pi_{1}^ B}(\mathbb{U}(\mathbb{C});0,),$ $\pi_{1}^{dR}(u/\mathbb{Q}, 01):=\pi_{1}^{dR}(u/\mathbb{Q};0\urcorner, 07)$
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. 01 $z$ $U(\mathbb{C})$ $b_{z}$ 1 . $b_{z}$ $\pi_{1}^{B}(U(\mathbb{C});01z)arrow$,
. , $H^{1}(U, \mathcal{O}_{U})=0$ $\pi_{1}^{dR}(U/\mathbb{Q}, arrow 01)$ -torsor
$\pi_{1}^{dR}(\mathbb{U}/\mathbb{Q};arrow 01, z)$
$d_{z}$ . $\pi_{1}^{dR}(U/\mathbb{Q};01\overline{z})arrow$,




$b_{z}$ $\pi_{1}^{dR}(u/\mathbb{Q};07_{Z})(\mathbb{C})$ . $\phi_{\infty}$
$\phi_{\infty}$ : $\pi_{1}^{dR}(\mathbb{U}/\mathbb{Q};01\overline{z})(\mathbb{C})arrow,arrow^{\underline\simeq}\pi_{1}^{dR}(U/\mathbb{Q};01z)(\mathbb{C})arrow$,
. , $\pi_{1}^{dR}(u/\mathbb{Q};01z)(\mathbb{C})arrow$, 3
$b_{z},d_{z},$ $\phi_{\infty}(d_{f})\in\pi_{1}^{dR}(U/\mathbb{Q};01z)(\mathbb{C})arrow$,
.
5.1 $\pi_{1}^{dR}(u/\mathbb{Q}, 07)(\mathbb{C})$ $\frac{dz}{z}\frac{dz}{z-1}$ $\mathbb{C}\langle\langle A, B\rangle\rangle$ .
1. (Chen)
$\pi_{1}^{dR}(U/\mathbb{Q}, 01)(\mathbb{C})arrowarrow \mathbb{C}\langle(A, B\rangle\rangle$
$(d_{z})^{-1}b_{z}$ $G_{0}(z)= \sum_{W}(-1)^{depth(W)}Li_{W}(z)W$ .
$Li_{W}(z)$ . , $b_{z}$
$Li_{W}(z)$ .
2. ( ) $(d_{z})^{-1}\phi_{\infty}(k)$ $\exp(G_{0}^{-}(z))$ , $G_{0}^{-}(z)=$
$\sum_{W}(-1)^{depth(W)}\ell_{W}(z)W$ , $\ell_{A^{k-1}B}(z)$ $P_{k}(z)$ . , $\ell_{W}(z)$
. .
3. ( , ) $G_{0}^{-}(z)$
$\frac{dG}{dz}=(\frac{A}{z}+\frac{B}{z-1})G(z)-G(z)(\frac{\Gamma z}{z}(-A)+\frac{dZ}{z-1}\Phi_{KZ}^{-}(A,B)^{-1}(-B)\Phi_{KZ}^{-}(A, B))$
. $\Phi_{KZ}^{-}(A, B)$ (Cf. $[Fu2]$).
4. ( , )
$G_{0}^{-}(z)=G_{0}(A,B)(z)[G_{0}(-A,\Phi_{KZ}^{-}(A, B)^{-1}(-B)\Phi_{KZ}^{-}(A,B))(\overline{z})]^{-1}$
.
$z\in U(\mathbb{C})$ , $\ell_{W}(z)$ $z$
, 4







$p$ . $z\in \mathbb{U}(\mathbb{Q}_{p})\subset \mathbb{P}^{1}(\mathbb{Q}_{p})=\mathbb{P}^{1}(\mathbb{Z}_{p})$ $z_{0}$ $:=z$ mod $p\in U(F_{p})$
. $U_{F_{p}}$ isocrystal 01, $z_{0}$
$\mathbb{Q}_{p}$
$\pi_{1}ri^{arrow}g(U_{F_{p}}/\mathbb{Q}_{p};01, z_{0})$
$U_{F_{p}}$ rigid . $\pi_{1}^{rig}(u_{F_{p}}/\mathbb{Q}_{p},01arrow ):=\pi_{1}ri^{arrow}g(U_{F_{p}}/\mathbb{Q}_{p};01,07)$ .
Besser ([B]) , $arrow 01$ Robenius $c_{z0}\in\pi_{1}^{rig}(U_{F_{p}}/\mathbb{Q}_{p};^{7}0, z_{0})$
1 . $\pi_{1}^{dR}(u/\mathbb{Q};07_{z^{p}})$ $d_{z^{p}}$ .






. , $\pi_{1}^{dR}(u/\mathbb{Q};01z)(\mathbb{Q}_{p})arrow$, 3
$c_{zo},d_{z},$ $\phi_{p}(d_{z^{p}})\in\pi_{1}^{dR}(u/\mathbb{Q};arrow 01, z)(\mathbb{Q}_{p})$
.
5.2 $\pi_{1}^{dR}(U/\mathbb{Q}, 07)(\mathbb{Q}_{p})$ $\frac{dz}{z}\frac{dz}{z-1}$ $\mathbb{Q}_{p}\langle\langle A, B)\rangle$ .
1. $($ $)$ $b_{\grave{1}}L$
$\pi_{1}^{dR}(\mathbb{U}/\mathbb{Q}, 07)(\mathbb{Q}_{p})arrow \mathbb{Q}_{p}\langle\langle A, B\rangle\rangle$
$(d_{z})^{-1}c_{z_{0}}$ $G_{0}(z)= \sum_{W}(-1)^{depth(W)}Li_{W}^{a}(z)W$ .
$Li_{W}^{a}(z)$ $P$ .
2. ( ) $(d_{z})^{-1}\phi_{p}(d_{z^{p}})$ $\exp(G_{0}^{\dagger}(z))$ , $G_{0}^{\dagger}(z)=$
$\sum_{W}(-1)^{depth(W)}l_{W}^{a}(z)W$ . , $\ell_{W}^{a}(z)$ $A^{t}(U_{Q_{p}})$ .
$p$ .
$S$. ($p$ , -Y.) $G_{0}^{\uparrow}(z)$ $P$
$\frac{dG}{dz}=(\frac{A}{z}+\frac{B}{z-1})G(z)-G(z)(\frac{dz^{p}}{z}(p^{-1}A)+\frac{dz^{p}}{z^{p}-1}\Phi_{D}^{p}(A, B)^{-1}(p^{-1}B)\Phi_{D}^{p}(A, B))$
. $(A, B)$ (cf. $/YJ,/Fu2J$).
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4. ( , )
$G_{0}^{t}(z)=G_{0}(A, B)(z)[G_{0}(p^{-1}A, \Phi_{D}^{p}(A, B)^{-1}(p^{-1}B)\Phi_{D}^{p}(A, B))(z^{p})]^{-1}$
.
$z\in U(\mathbb{Q}_{p})$ , $\ell_{W}^{a}(z)$
$z$ , 4 $P$
$\ell_{W}^{a}(z)$ $\ell_{W}^{a}(z)$ $\mathbb{P}^{1}(\mathbb{C}_{p})-$ ] $1,$ $\infty\infty$ [ $P$
. $z\in \mathbb{P}^{1}(\mathbb{C}_{p})-$] $1$ , \infty [ $c_{z_{0^{f}}}Li_{W}^{a}(z),$ $\ell_{W}^{a}(z)$ log $a$
.
$\ell_{W}^{a}(z)$ $A^{\uparrow}(U_{Q_{p}})$ , 1 $\infty$
$p$ , log
a . $p$ ,
log $a$ .
3 $P$ Mbenivs . ( $p$}$vbenius$
3 $P$ ,






$P$ $P$ $([\eta)$ .
6 $p$ ( $L$ )
$P$ , $p$ $L$ .
, $\mathbb{C}$ . $Z_{w}^{p},$ $Z_{w}^{p}[N]$
, $L$ $Z_{w},$ $Z_{w}[N]$ .
6.1 ( , Zagier) $D_{0}=1,$ $D_{1}=0_{f}D_{2}=1,$ $D_{n+3}=D_{n+1}+D_{\mathfrak{n}}(n\geq 0)$
$\{D_{n}\}_{n}$ . ( $\sum_{n=0}^{\infty}D_{\mathfrak{n}}t^{n}=1/(1-t^{2}-t^{3})$
) , $w\geq 0$ $\dim_{Q}Z_{w}=D_{w}$ .






6.3 (Deligne-Goncharov/DGJ) $N=2$ (resp. $N>2$) $\{D_{n}[N]\}_{n}$
$1/(1-t-t^{2})$ (resp. $1/(1-( \frac{\varphi(N)}{2}+\nu)t+(\nu-1)t^{2})$) . $\varphi$ Euler
J $\nu$ $N$ . $w\geq 0$ $din_{\Phi}Z_{w}[N]\leq D_{w}[N]$
.
$N>4$ , $(Goncharov[G2])$ .
$N$ 2 $\Gamma_{1}(N)$ $(loc. cit.)$ .
, $p$ . Zagier .
6.4 ( , -Y) $d_{0}=1,$ $d_{1}=0,$ $d_{2}=0,$ $d_{n+3}=d_{\mathfrak{n}+1}+d_{n}(n\geq 0)$
$\{d_{n}\}_{n}$ . ( $\sum_{n=0}^{\infty}d_{n}t^{n}=(1-t^{2})/(1-t^{2}-t^{3})$
) , $w\geq 0$ $\dim_{Q}Z_{w}^{p}=d_{w}$ .
6.5 (Y. $/YJ$) $N=2$ (resp. $N>2$) $\{d_{n}[N]\}_{n}$ $(1-t^{2})/(1-t-t^{2})$
(resP. $(1-t)/(1-(g(2N\lrcorner+\nu)t+(\nu-1)t^{2}))$ . $\varphi$ Euler , $\nu$ $N$




$\dim_{Q}Z_{w}^{p}[N]$ $P$ , (cf.
23 Leopoldt ).
$N>4$ , $\mathbb{C}$
. $N$ 2 $\Gamma_{1}(N)$
.
$K$ , $K$ .
,
$\frac{1}{1-t^{2}-t^{3}}=\frac{1}{1-t^{2}}\frac{1}{1_{1-t}^{t^{\theta}}-=}=\frac{1}{1-t^{2}}\frac{1}{1-(t^{3}+t^{5}+t^{7}+\cdots)}$
, $1/(1-t^{2})$ $\pi^{2}$ 2 , $t^{3}+t^{5}+t^{7}+\cdots$
$rankK_{2n-1}(\mathbb{Z})=\{\begin{array}{ll}0 for n: \text{ } or n=11 for n: \text{ }1\text{ } n\neq 1\end{array}$
. $P$ $(1-t^{2})/(1-t^{2}-t^{3})$ $1/(1-t^{2})$
$P$
$\pi^{2}=0$’ . $N>2$ $\mathbb{C}$ $P$ $1/(1-t^{2})$
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\langle $1/(1-t)$ , 1 $\mathbb{C}$ $\log(1-\zeta)+\log(1-\zeta^{-1})=$
-log(-\mbox{\boldmath $\zeta$})=( ). $\pi$ $p$ $\pi=0$’
.
Deligne-Goncharov([DG]) $\mathbb{Z}[\mu_{N}, \{\frac{1}{1-\zeta_{w}}\}_{w|N}]$ Tate
, $U_{N}$ , .
. $K$ $U_{w}$ $\mathbb{Q}_{p}(\mu_{N})$ $p$ $L$




). $U_{w}$ $K$ “ ” $\varphi_{p}$
$p$ $L$ ,
. Deligne-Goncharov , $L$ $a_{\sigma}^{0}$ (
$a_{\sigma}^{0}$ “de Rham Betti ” ) $K$
Uw( ) $\mathbb{C}$ $L$
$P$ . $a_{\sigma}^{0}$ .
6.6 (Grothendieck, $/DGJ$) $a_{\sigma}^{0}\in U_{w}(\mathbb{C})$ $\mathbb{Q}- Za$ dense .
$N=1$ , ( $+\alpha$ ) Zagier 6.1
, (cf.
$p$ 44) . $p$ .
6.7 (Y., $[YJ$) $\varphi_{p}\in U_{w}(\mathbb{Q}(\mu_{N}))$ $\mathbb{Q}$-Zarbski dense .
$N=1$ , ( $+\alpha$ ) $p$ 64 $p$ 44
.
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